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CHAPTER 7 


7.6.3 [ох + д)мах? *- bxc dx. 


We choose constants A and B such that 


d 
рх 54 = A| a! beo) | B 


- А(2ах + b) + B 
Comparing the coefficients of х апа the constant terms on both sides, we get 


2аА = pandAb *B-^q 


Solving these equations, the values of A and B are obtained. Thus, the integral 
reduces to 


А [Qax + b)Nax? + bxc c dx € B | Јах? +bx+c dx 


- AI, + ВІ, 
where me f Qax + b)Nax? + рх + с ах 


Put ax? + bx + c = t, then (2ax + b)dx = dt 
d d i 
So I а +bx+c)? +C, 


1 


Similarly, ІҢ ІМ ах? bx c dx 


ll 


ll 
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is found, using the integral formulae discussed in [7.6.2, Page 328 of the textbook]. 


Thus Ir px + q)Nax? + bx + c dx is finally worked out. 
Example 25 Find ЕКІ +х- х? dx 


Solution Following the procedure as indicated above, we write 


(ЕО: 


A(1-2x) + В 


к 
Il 


Equating the coefficients of x and constant terms on both sides, 


Weget-2A-landA* В = 0 


1 1 
Solving these equations, we get А = 72 and В- z` Thus the integral 


reduces to 


Ет. = еа 2) аа T [Vix e 
EA TL+t-I, (1) 
Consider L= fa-2xW1+x-x°dx 


Put 1 +x- = t, then (1 — 2x)dx = dt 


T 2 2 
Thus = [0-2x) 1e x х?ах - |Ва-<4 «с, 


3 
= 3 (1 x: х? )> - C,, where C, is some constant. 
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2 


5 1y 
Further, consider h = КІН х- х? dx= ДЕ Е | ах 


1 
Put iN S Then dx = dt 


2 
5 
Therefore, ; js | х - dt 


— 
| 


aye А 
MERC ) e 8-І; SOS? liec 
2 2 4 2 8 J5 


where C, is some constant. 


Putting values of I, and I, in (1), we get 


МУ 
"IS 

tm 
N 
> 
на 

МУХ 
E 
ы 
ы 

t2 


[xt x – хах = =a tx- x’ 


C+C, . І 
where С - ) is another arbitrary constant. 
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Insert the following exercises at the end of EXERCISE 7.7 as follows: 


12. xx -x?^ 13. (x e DN2x? +3 14. (x - 343-4x- x? 


Answers 
3 Гэ 
12. NU. а (oe pop ӘНЕ Най 
3 8 16 2 
3 
13. cQ +3) +3 25753 +3210: 4” “кс 
А / 2 
14. ИЕ EET 17s LUNS pto cw ЕС 
: 2 Jr 2 
CHAPTER 10 


10.7 Scalar Triple Product 

Let а, b and с be any three vectors. The scalar product of gà and (b x), Le., 
á - (b хс) is called the scalar triple product of &,b and c in this order and is denoted 
Бу [2, b, c] (or[abc ]). We thus have 


(2,5, €] 7 á-(b xc) 


Observations 
l. Since (b x2) isa vector, à-(bxc) isa 
scalar quantity, ie. (а, b, C] is a scalar 


quantity. 

2. Geometrically, the magnitude of the scalar 
triple product is the volume of a parallelopiped 
formed by adjacent sides given by the three 0 5 С 

Fig. 10.28 
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vectors d, b and С (Fig. 10.28). Indeed, the area ofthe parallelogram forming 


the base of the parallelopiped is Б xc | . The height is the projection of д along 


the normal to the plane containing р and с which is the magnitude of the 


component of д іп the direction of bxc i.e., а "ue х2) . So the required 
(o xe) 
á.(b х2) . 5 
volume of the parallelopiped Txa] |5хс|-(а.(Бхе)|, 
xc) 


If а-а-а, жа, b-bi- Ej bk and C&ej * c, j + ck, 
then 


i j K 
Бхе- b b, b, 
€ C; с; 


= (b,c, Е b,c,) it (bsc, z b.c.) j ч (bic, RE bc) К 


апа ѕо 

2.(Бхё)=а, (bc, – bye) - a, (bc, – bie, ) e a, (bic, –Ь,с,) 
а а; а; 

-|b b, b 


бі 6; С; 
If a,b and с be any three vectors, then 


[а,Ь , 21=16,2,4]= 12,4, |] 
(cyclic permutation of three vectors does not change the value of the scalar 
triple product). 


Let а= аѓ+а,)+а,К, b-bicb,j-b,k and é 2 ci c, Jk. 
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Then, just by observation above, we have 


а а; а; 
[4,b,¿]= b, b, b, 
Сі 6; C; 


= a, (b,c, — b,c,) + a, (b,c, алта (bc, — Ву) 


= b (ac, — a,c) + (ne — ac.) + b, (a,c, — Q5) 


b b, b 
-|С Q <; 

dà а; а; 
= [0.6.21 


Similarly, the reader may verify that 


Hence [à,b, c] - [b,C,á] - [C,d,b ] 


Indeed, 
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— 


á,á,b]-0. Indeed 


м 
= 


=b .0=0. (as āxā=0) 
Note: The resultin 7 above is true irrespective of the position of two equal vectors. 


10.7.1 Coplanarity of Three Vectors 


Theorem 1 Three vectors 4, b and с are coplanar if and only if д: (b xč)=0. 


Proof Suppose first that the vectors 4, b and С are coplanar. 


If b and c are parallel vectors, then, b хС- andso д. (Б х с) = 0. 


If b and c are not parallel then, since d b and С аге coplanar, b xc 1s 
perpendicular to d . 

So d- (bxc) - 0. 

Conversely, suppose that 0. (b xc)-0.1f а and b х с аге both non-zero, 


then we conclude that 2 and pg are perpendicular vectors. But b хс is 


perpendicular to both р and с. Therefore, 4 andb and C mustlie in the plane, i.e. 


they are coplanar. If д —0, then д is coplanar with any two vectors, in particular with 


p and c.1f (b хс) = 0, then р and c are parallel vectors and so, 4, b and с 


are coplanar since any two vectors always lie in a plane determined by them and a 
vector which is parallel to any one of it also lies in that plane. 
Note: Coplanarity of four points can be discussed using coplanarity of three vectors. 


Indeed, the four points A, B, C and D are coplanar if the vectors AB, AC and AD 


are coplanar. 
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Example 26 Find z (bxc), if á-2i + j 43k, b=—î+2j+k and 6-35 j 26. 


1 3 
Solution We have á.(bxc)- -] 2 1|--і10. 
] 2 


(95) 


Example 27 Show that the vectors 
ä=î -2j43Kk, b 22i «3j - Ak and &—i —3j +56 аге coplanar. 


1 52 3 
Solution We һауе 4.(5хС)-|-2 3 -4|-0. 
1-3 5 


Hence, in view of Theorem 1, á,b and С are coplanar vectors. 
Example 28 Find A if the vectors 


á-i -3j4k,b -2i- j - k and =f +7} & 3k. are coplanar. 


Solution Since 4,2 and с аге coplanar vectors, we have | à, b.c |-0, i.e., 


1 3 1 

2 -1 -1=0. 

A 7 3 
> 1(-3-7)-3(6Од-1(14-29-0 
-> À — 0. 


Example 29 Show that the four points A, B, C and D with position vectors 
4i 5j « k,- (]-- k), 3f -9] - Ak and 4(- + ĵ +Å), respectively are coplanar. 
Solution We know that the four points A, B, C and D are coplanar if the three vectors 
AB, AC and AD are coplanar, i.e., if 


| AB, AC, AD |-0 
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Now  AB--(j4K)- (4i *5j4K)-—4i-6j -2K) 
AC- (31 «9j - 4K) - (4$ 5j - ) = 1+4) +38 


and — AD- 4(-i « j - K) - (dí +5)+) 2 - 8i — j «3K 


TET 2 
Thus | AB, AC, AD |= -1 4 3-0 
1 я 


Hence A, B, C and D are coplanar. 
Example 30 Prove that là +6,5+2,2+4|=21а,6,2|. 
Solution We һауе 


|4-5, Б-с, à |-(аз Б).(5-2)х(6 +3) 


-àá.(bxc)«à.(bxá)-à.(Exàá)*b.(bxc)sb.(bxá)*b.(cxà) 


|2,5,2% 4| -à.(bx(c-4d) 
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Exercise 10.5 


Find [252 if à-/-2j «36, 522i -3j « Éandc-3i j- 2f 

(Ans. 24) 

Show that the vectors 2= —27 43k,b 2—2i «3j -4k and C 26 -3j  5K 
are coplanar. 

Find à if the vectors Г 06,3  j - 2E and ГА) -3K are coplanar. 
(Ans. à = 15) 

Let 2-і +) « K,b =i and С=с і+с,ј+ с, Then 


(a) If c, = 1 and c, = 2, find c, which makes 4, b and с coplanar (Ans. с, = 2) 


(b) If e--l and &; 7 1, show that no value of c, can make q, b and c coplanar. 
Show that the four points with position vectors 

4i -8j «12k, 21 £4] 4 6k,3i 4 5j 4 Ak and 51+87+ 5k are coplanar. 
Find x such that the four points А (3, 2, 1) B (4, x, 5), С (4, 2, 2) and 
D (6, 5, —1) are coplanar. (Ans. х- 5) 


Show thatthe vectors 4, b and С coplanarif д + b : b +сапіс +8 are coplanar. 


